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The determination of binding constants is central to many areas of research, supramolecular

chemistry in particular. Traditional nonlinear regression analysis, however, cannot be applied to

complex systems unless certain assumptions are undertaken, which often limits the reliability of

such calculations. Our group has developed an iterative method using commercial software that

allows for the rigorous determination of binding constants in a variety of systems, including

1 : 2 complexes, indicator displacement assays, and enantioselective indicator displacement assays.

The improved accuracy of the values obtained in the latter case, in turn, allows for a more precise

determination of ee in competitive equilibria.

Introduction

The study of host–guest chemistry is a large and continually

growing research field with applications in nearly every

chemical discipline.1 Host–guest complexes are often

characterized in part by determining their thermodynamic

properties, in particular the binding constant of the guest to

the host. The determination of accurate binding constants can

be critical to the applications of many such systems, which

range from sensing to drug discovery and development.

Unfortunately, current analyses often depend upon the

assumption that the concentration of free guest in solution is

mathematically equivalent to the total concentration of guest,

thus allowing for the use of simple graphing methods, such as

Benesi-Hildebrand plots and Scatchard plots.2 However, this

approximation is never fully valid and is particularly

inappropriate in cases where the host–guest interaction is

strong. While binding constants can be determined numeri-

cally using advanced programs such as HYPERQUAD,3 these

programs are often expensive and awkward for an untrained

user. As described here, the iterative methods developed by

our group allow for the rigorous application of binding

equations by employing the nonlinear regression module

present in Origin,4 an inexpensive software package found in

many laboratories, combined with a user-specified target

function. While several researchers have developed unique

in-house methods to determine binding constants for systems

of 1 : 1 binding stoichiometry, such as the method described in

detail by Hirose,5 our method is further applicable to

non-trivial systems of equilibria, including those characterized

by a 1 : 2 binding stoichiometry or associated with common

indicator displacement assays (IDAs).

Optical spectroscopy is one of the preferred methods for

measuring host : guest thermodynamics due to its ease of use,

straightforward data interpretation, and the requirement for

relatively inexpensive instrumentation. For systems that obey

the Beer–Lambert law (‘‘Beer’s law’’) and for which a 1 : 1

host : guest binding stoichiometry pertains, the mathematical

isotherm used in the determination of binding constants (K)

using optical spectroscopy can be solved in closed form, and

many research groups employ nonlinear curve-fitting of the

isotherm using commercial data analysis software programs,

such as Origin. For more complex binding equilibria, such as

those characterized by a 1 : 2 binding stoichiometry or

involved in the IDAs regularly used by our research group,6

the mathematical constructs needed to fit the isotherms

contain a polynomial equation that can be readily solved using

iterative methods that avoid the previously mentioned

assumption. For example, in the equations used for fitting

an indicator displacement isotherm (eqn (39) and (41)), the

concentration of free host is related to the binding constants

(KG, KI) through cubic eqn (39). In addition, the use of

empirically determined values (in this case KI, eI, eHI) to

calculate other unknown values (KG) can lead to decreased

accuracy in the fitting.7 In order to address this problem and

avoid as many assumptions as possible, we have developed a

method that combines an in-house written subprogram

(‘‘script’’) with the nonlinear curve fitting operation of Origin.

This method allows us to determine iteratively the parameter

values in the relevant isotherms that best fit the experimental

data. This approach has proved invaluable to our group in the

determination of binding constants from indicator displace-

ment assays6 and has also facilitated calculations of enantio-

meric excess using enantioselective indicator displacement

assays (eIDAs).7–9 After the script has been input into Origin,
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the determination of binding constants from titration data is

as simple as importing the signal and concentration values

from a standard spreadsheet. In hopes that such methods will

be useful to others in the field, we herein describe in detail this

script and the associated methods used by our group to

determine binding constants for 1 : 1 and 1 : 2 host : guest

binding stoichiometries and IDAs, as well as to determine

enantiomeric excess via eIDAs.

Results and discussion

The goal in each binding scenario is to derive an equation that

relates the measured signal (absorbance or fluorescence) to the

total concentration of the host and guest through the desired

values (K or ee). These equations are derived through a

manipulation of equilibrium constant equations, mass balance

equations, and signal-to-concentration relationships, such as

Beer’s law in the case of absorption. Unfortunately, the

concentration of free host and guest in a given solution cannot

be determined using known values. As a result, a rigorous

application of the binding equations to the data more often

than not requires the solution to two or more related

equations. As such, they benefit from the use of iterative

methods both to develop the underlying binding equations

and to obtain the best fits to the data. Appreciating this need,

we have incorporated Newton’s iterative method10 into a set of

expressions and associated scripts.

We will begin our discussion with the simplest system,

namely systems characterized by a 1 : 1 host : guest binding

stoichiometry. We will then build from this foundation in the

treatment of situations with greater complexity. While we

appreciate that a number of alternative approaches may be

used to treat 1 : 1 binding processes, we focus on a description

that most closely mirrors the methods we use to treat more

complex situations.

1 : 1 Binding

We begin each derivation by defining the solution equilibria

and mass balance equations. In a simple host–guest binding

equilibrium, assuming both the host (H) and guest (G) have

only one binding site, the equilibrium equation is represented

by eqn (1).

H + G " HG (1)

The desired binding constant (K) is expressed in eqn (2).

K ¼ ½HG�
½H�½G� ð2Þ

Assigning the total concentrations of H and G as [H]t and [G]t,

respectively, gives mass balance eqn (3) and (4).

[H]t = [H] + [HG] (3)

[G]t = [G] + [HG] (4)

Using eqn (2)–(4) as a starting point, the first step is to derive

an equation based on only one unknown concentration ([G],

[H], or [HG]) to which all other concentrations are related. We

arbitrarily chose [G] for this example and thus begin with the

modification of eqn (4). This modification first requires the

definition of [HG] in terms of [G]. Eqn (2) is rearranged to

define [HG] and then used to substitute for [HG] in eqn (3).

Solving for [H] yields eqn (5).

½H� ¼ ½H�t
1 þK½G� ð5Þ

Combining rearranged eqn (2) and (5) then gives eqn (6).

½HG� ¼ K½G�½H�t
1 þK½G� ð6Þ

Substituting eqn (6) into eqn (4) yields a quadratic equation,

which is rearranged to give eqn (7).

K[G]2 + (1 � K[G]t + K[H]t)[G] � [G]t = 0 (7)

The real root of eqn (7) is expressed in eqn (8), which defines

[G] based on K and experimentally determined values

([H]t and [G]t).

½G� ¼

�ð1� K½G�t þ K½H�tÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� K½G�t þ K½H�tÞ

2 þ 4K½G�t
q

2K

ð8Þ

We now turn to analyzing the optical response as a

function of known or measurable parameters. In this

case, we will discuss the derivation for an absorption

experiment. Assuming that all species present follow Beer’s

law, the absorbance of the equilibrium solution at any

given wavelength can be expressed as eqn (9), where A is the

absorbance at the selected wavelength; eH, eG, eHG, are

the molar absorptivities of the host, guest, and the host : guest

complex, respectively, at that wavelength; and b is the path

length of the cell.

A = eHb[H] + eGb[G] + eHGb[HG] (9)

In the case that the host is transparent at the selected wave-

length, eH = 0, then eqn (9) can be simplified to eqn (10). Of

course, the definition of which species is the host and which is

the guest is arbitrary.

A = eGb[G] + eHGb[HG] (10)

Under these circumstances, the binding study is usually

performed such that the total concentration of the guest

([G]t) is kept constant while the total concentration of

the host ([H]t) is increased gradually. A titration curve

is obtained by plotting the absorbance (A) at a certain

wavelength against [H]t. Substituting eqn (6) and (8) into

eqn (10) gives the final 1 : 1 binding isotherm (eqn (11)).

ð11Þ

In eqn (11), the path length (b), the molar absorptivity of the

guest (eG), and the guest total concentration ([G]t) are known

values. The binding constant (K) and molar absorptivity of the
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complex (eHG) can be determined using the titration data and

nonlinear regression analysis. For example, eqn (11) can be

used as the input for a user-defined function in the nonlinear

fitting function of Origin, which will then determine the values

of K and eHG from the best-fit curve. In our analysis, we treat

parameter eG as slightly adjustable, since molar absorptivities

are inherently dependent on a variety of experimental condi-

tions (temperature, background absorbance, etc.) and cannot

always be measured with an accuracy that translates from

experiment to experiment. Varying this parameter, and related

values in later analyses, greatly improves the accuracy of these

iterative methods.

It should be noted that the derivations described here are

often based on experiments in which certain species in the

solution are transparent at the studied wavelength, such as the

host in the case of a 1 : 1 binding stoichiometry. While such

experimental conditions greatly simplify the resulting algebra,

they are not necessary for the application of our method.

Because we define each species concentration relative to a

single unknown concentration, the omitted values can be

easily substituted into the original signal-vs.-concentration

equation and the corresponding expression solved in a manner

analogous to what is described. For example, in the case of a

1 : 1 binding stoichiometry, eqn (5), (6) and (8), which relate

each species to [G], would be substituted into eqn (9), which

relates the absorbance to the concentration of each species.

This substitution would result in a slightly longer final binding

equation that can be input into the nonlinear fitting function

of Origin in the same manner as described for eqn (11). This

approach is applicable in all of the binding situations

described here.

1 : 2 Host : Guest binding

The binding of two guests to a single host molecule greatly

complicates the thermodynamic analysis as two binding

constants (K1 and K2) must be determined. Whereas 1 : 1 binding

derivations lead to a quadratic equation (eqn (7)), 1 : 2 binding

derivations lead to a cubic equation (eqn (22)). We have found

that this latter equation is solved most easily using Newton’s

iterative optimization method. As detailed below, we do this

using a subprogram (script) generated in-house with the

commercially available Origin software program. This script

and the relevant equations are discussed below.

The derivation begins similarly to that of 1 : 1 binding. In

this situation there are two equilibrium equations (eqn (12),

(13)), two binding constant expressions (eqn (14), (15)), and

two mass balance equations (eqn (16), (17)).

H + G " HG (12)

HG + G " HG2 (13)

K1 = [HG]/([H][G]) (14)

K2 = [HG2]/([HG][G]) (15)

[H]t = [H] + [HG] + [HG2] (16)

[G]t = [G] + [HG] + 2[HG2] (17)

As before, the first goal is to derive an equation dependent on

only one unknown concentration, and we again choose [G].

In a manner similar to the previous manipulation of eqn (2),

(3) and (5) to give eqn (6), eqn (14)–(16) are combined to give

eqn (18)–(20).

½H� ¼ ½H�t
1þ K1½G� þ K1K2½G�2

ð18Þ

½HG� ¼ K1½G�½H�t
1þ K1½G� þ K1K2½G�2

ð19Þ

½HG2� ¼
K1K2½G�2½H�t

1þ K1½G� þ K1K2½G�2
ð20Þ

Substituting eqn (19) and (20) into eqn (17) yields eqn (21), in

which the only unknown variables are [G], K1, and K2.

½Gt� ¼ ½G� þ
K1½G� þ 2K1K2½G�2

1þ K1½G� þ K1K2½G�2
½H�t ð21Þ

Rearranging eqn (21) results in a cubic equation for [G], which

for convenience we express as eqn (22).

A[G]3 + B[G]3 + C[G] + D = 0 (22)

where

A = K1K2

B = K1 + 2K1K2[H]t � K1K2[G]t

C = 1 + K1[H]t � K1[G]t

D = �[G]t

With the [G] dependent equation in hand, we again derive a

relationship to the optical data. Accordingly, eqn (23) is

derived from Beer’s law.

A = eHb[H] + eGb[G] + eHGb[HG] + eHG2
b[HG2] (23)

As an example of derivation with the opposite absorbance

pattern, we will now assume the host has an absorbance and

the guest is transparent at the observed wavelength. In this

case, a titration is usually performed by keeping [H]t constant

and incrementally increasing [G]t. As a result, eqn (23) can be

simplified to eqn (24). By substituting eqn (18)–(20) into

eqn (24), eqn (25) is finally obtained, in which the absorbance

is dependent on only one concentration.

A = eHb[H] + eHGb[HG] + eHG2
b[HG2] (24)

ð25Þ

An experimentally generated isotherm is obtained by plotting

the absorbance at a specific wavelength against the total guest

concentration (A vs. [G]t). Though the value of [G] in eqn (25)

varies depending on [G]t (as described by eqn (22)), the

solution can be readily approached through an iterative data

fitting procedure.

Specifically, we first apply Newton’s method to iteratively

determine numerical values for [G] (eqn (26), x = [G]). We

herein summarize Newton’s method to the extent we use it in

350 | New J. Chem., 2010, 34, 348–354 This journal is �c The Royal Society of Chemistry and the Centre National de la Recherche Scientifique 2010

D
ow

nl
oa

de
d 

by
 U

ni
ve

rs
id

ad
e 

do
 P

or
to

 (
U

P)
 o

n 
20

 O
ct

ob
er

 2
01

0
Pu

bl
is

he
d 

on
 1

2 
Ja

nu
ar

y 
20

10
 o

n 
ht

tp
://

pu
bs

.r
sc

.o
rg

 | 
do

i:1
0.

10
39

/B
9N

J0
04

98
J

View Online

http://dx.doi.org/10.1039/B9NJ00498J


the determination of binding constants and related variables.

In brief, the true value (x), the root of the equation, is

approximated using an iterative method based on eqn (26).

In the current case, f(x) is the left side of eqn (22), and f0(x) is

its derivative. Since the root (x) is represented by the

x-intercept (y = 0), f(xn) approaches zero as the estimated

values (xn) become closer to the true value. In this equation, an

initial guess (n = 0) is used as the input to determine the first

iteration value (x1). The first iteration value (x1) is then used to

determine x2 and so on until the second term of eqn (26)

becomes very close to zero, at which point xn+1 equals xn, and

the mathematically approximate value of x is found. This

second term is often referred to as the ‘‘step’’ by which

iterative values approach the true value. While such an

iterative method can be very powerful, it should be noted that

its success depends upon the judicious choice of the initial

guess for each parameter. The initial value must be reasonably

close to the true values in order for the step function to

approach it reliably.

xnþ1 ¼ xn �
fðxnÞ
f0ðxnÞ

ð26Þ

With all of the necessary equations in hand, a script can be

written in the nonlinear curve fitter of Origin to numerically

solve eqn (22) for [G] while fitting the data using eqn (25). This

script, shown below, fits a set of titration data in which

absorbance (y in the script) is recorded as a function of

[G]t (x in the script).11 [G]t is used as the initial guess for [G]

(i.e., x0 = [G]t):

where K1, K2, E0, E1, E2, Ht, x, and y represent K1, K2,

eHb, eHGb, eHG2b, [H]t, [G]t, and absorbance (A), respectively.

Parameters E0 and Ht (eHb and [H]t) are known, though eH
was again treated as slightly adjustable. Values for x and y

([G]t and A) are read from a standard data file by the program.

This script sets up an IF/THEN statement in which

the absolute value of the step function is evaluated. As

discussed in the context of eqn (26), the step is defined (step=)

as f(xn)/f
0(xn) in which f(x) is the left side of eqn (22). If this

value is significantly greater than zero (abs(step) > 1 � 10�15),

then another iteration is performed (G = G-step). Once the

step value is effectively zero for each data point, the resulting

solutions for [G] are used to determine the best fit curve with

eqn (25), represented in the last line of the script. If the least

squares regression analysis yields a sufficiently low value,

the process is complete. If not, improved values for the

unknown parameters (K1, K2, E1, and E2) are used in another

cycle, beginning again with the iterative determination of

new [G] values. Given a set of estimated initial values

for K1, K2, E1, and E2, the program iteratively determines

the parameter values that best fit the experimental data.

A similar situation is observed when H is transparent and is

described in the ESI.w

Indicator displacement

In an indicator displacement assay, a host is first allowed to

complex with a dye (indicator, I) that displays a change in

absorbance or fluorescence upon binding. The addition of

guest then displaces the indicator, leading to a reversal in the

absorption or fluorescence spectrum (eqn (27)). The degree of

displacement is used to calculate the affinity of the guest to the

host (KG). This assay does not require the host or guest to

undergo changes in its optical properties in order to measure

binding. In the situation presented here, the host : indicator

complex as well as the host : guest complex display 1 : 1 binding

stoichiometries.

HI + G " HG + I (27)

Following the previous protocols, dye displacement systems

involve two independent equilibria (eqn (28), (29)), two

binding constant expressions (eqn (30) and (31)), and three

mass balance equations (eqn (31)–(33)).

H + G " HG (28)

H + I " HI (29)

KG = [HG]/([H][G]) (30)

K1 = [HI]/([H][I]) (31)

[H]t = [H] + [HG] + [HI] (32)

[G]t = [G] + [HG] (33)

[I]t = [I] + [HI] (34)

We again use these equations as a starting point to

derive an equation involving only one unknown concentra-

tion, and in this case we chose [H]. We therefore focus

on eqn (32) and seek to define all other concentrations

in terms of [H]. Accordingly, combining eqn (30)–(34) yields

eqn (35)–(37).

½HG� ¼ KG½H�
1 þKG½H�

½G�t ð35Þ

½HI� ¼ KI½H�
1 þKI½H�

½I�t ð36Þ

½I� ¼ It
1 þKI½H�

ð37Þ

Substituting eqn (35) and (36) into eqn (32) in turn leads to

eqn (38).

½H�t ¼ ½H� þ
KG½H�

1 þKG½H�
½G�t þ

KI½H�
1 þKI½H�

½I�t ð38Þ

Eqn (38) is a cubic equation for [H], which can be rearranged

to its polynomial form to give eqn (39).

A[H]3 + B[H]2 + C[H] + D = 0 (39)

This journal is �c The Royal Society of Chemistry and the Centre National de la Recherche Scientifique 2010 New J. Chem., 2010, 34, 348–354 | 351
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where

A = KIKG

B = KI + KG + KIKG[I]t + KIKG[G]t � KIKG[H]t

C = 1 + KI[I]t + KG[G]t � KI[H]t � KG[H]t

D = �[H]t

In a traditional indicator displacement titration, the total

concentrations of the host and indicator are kept constant,

and the total concentration of the guest is incrementally

increased. An experimentally generated isotherm is obtained

by plotting the absorbance at a specific wavelength against

total guest concentration (A vs. [G]t). Therefore, the next

step in the derivation is to relate the optical signal, absorbance,

to [H] using Beer’s law. Because it simplifies the mathematics,

the IDA analysis is usually performed using host and

guest molecules that are transparent at the observed

wavelength. To the extent such an assumption is valid, the

absorbance can be related solely to the concentrations of

the free indicator ([I]) and the complexed indicator ([HI]) as

in eqn (40). Substitution of eqn (36) and (37) into eqn (40)

yields final eqn (41).

A = eIb[I] + eHIb[HI] (40)

ð41Þ

As [H] varies at different values of [G]t, Newton’s method is

again applied. Analogous to the script for 1 : 2 binding, the

user-defined script given below is based on eqn (39) and (41)

where [H]t is used as the initial guess for [H]:

where Ki, Kg, Ei, Ehi, Ht, It, x, and y represent KI, KG, eIb,
eHIb, [H]t, [I]t, [G]t, and absorbance (A), respectively.

Parameters KI, eI and eHI are determined by the titration

and 1 : 1 curve fitting of the host and indicator alone prior to

this analysis. Each of these values, however, is treated as

adjustable in accordance with previous discussions. [H]t and

[I]t are treated as constants, and the variables [G]t (x)

and absorbance (y) are read from the data sheet by the

program. Given an estimated initial value for KG, the program

can iteratively find the value of KG that best fits the

experimental data.

ee Measurement by dye-displacement

By using a chiral host (H*), enantiomeric excess (ee) of a guest

can also be determined using an IDA. In this situation, the

complexation of a chiral host with two enantiomers of the

guest will lead to two diastereomers. The differing stabilities

of these diastereomers in turn produce different degrees of

indicator displacement (eqn (44) and (46)). The signal at

different ee’s thus depends upon the two equilibrium

constants KR and KS as defined in eqn (49) and (51).

As discussed in previous work,7 though these values

could be determined independently, the most accurate ee

determination is achieved when KR and KS are calculated

using iterative methods based on titration data at varying ee

values. We begin, as before, by defining the equilibrium,

binding constant, and mass balance expressions for this system

(eqn (42)–(55)).

H* + I " H*I (42)

H* + GR " H*GR (43)

H*I + GR " H*GR + I (44)

H* + GS " H*GS (45)

H*I + GS " H*GS + I (46)

KI = [H*I]/([H*][I]) (47)

KGR = [H*GR]/([H*][GR]) (48)

KR = KGR/KI = [H*GR][I]/([H*I][GR]) (49)

KGS = [H*GS]/([H*][GS]) (50)

KS = KGS/KI = [H*GS][I]/([H*I][GS]) (51)

[H*]t = [H*] + [H*I] + [H*GR] + [H*GS] (52)

[GR]t = [GR] + [H*GR] (53)

[GS]t = [GS] + [H*GS] (54)

[I]t = [I] + [H*I] (55)

In this derivation, we relate all concentrations to [H*I].

To begin, we combine eqn (47), (52) and (55) to give

eqn (56).

KI = [H*I]/(([H*]t � [H*GR] � [H*GS]

� [H*I])([I]t � [H*I])) (56)

We next need to define [H*GR] and [H*GS] in terms of [H*I].

Substituting eqn (53) and (55) into eqn (49) yields eqn (57).

KR = [H*GR]([I]t � [H*I]/([H*I]([GR]t � [H*GR])) (57)

Eqn (57) can then be solved for [H*GR], which results

in eqn (58). A similar process can be used to derive

eqn (59).

[H*GR] = KR[H*I][GR]t/([I]t + (KR � 1)[H*I]) (58)

[H*GS] = KS[H*I][GS]t/([I]t + (KS � 1)[H*I]) (59)

After substituting eqn (58) and (59) into eqn (56), the resulting

equation is a 4th order polynomial (eqn (60)).

A[H*I]4 + B[H*I]3 + C[H*I]2 + D[H*I] + E = 0 (60)
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where

A = KI(KR � 1)(KS � 1)

B = KR � 1 � [GR]tKIKR + KS � [GS]tKIKS � KRKS

+ [GR]tKIKRKS + [GS]tKIKRKS + [H*]tKI(KR + KS

� 1 � KRKS) + [I]tKI(2KR + 2KS � 3 � KRKS)

C = �[I]t[KR � 2 � 2[GR]tKIKR + KS � 2[GS]tKIKS

+ [GR]tKIKRKS + [GS]tKIKRKS + [I]tKI(KR

+KS � 3) + [H*]tKI(2KR � KRKS � 3 + 2KS)]

D = �[I]t2[1 + [I]tKI + [GR]tKIKR

+ [GS]tKIKS � [H*]tKI(KR + KS � 3)]

E = [H*]t[I]t
3KI

While the previous examples monitored changes in the

absorption spectrum throughout a titration, any of our

methods can also be applied when using fluorescence spectro-

scopy. We present such a scenario here as an example of an

additional application of our methods. We first relate the

fluorescence signal to the concentration of [H*I]. Assuming

that the host and guest have negligible fluorescence at the

wavelength studied, the fluorescence intensity can be described

by eqn (61) (I0, the intensity of the excitation source; j,
fluorescence quantum yield; e, molar absorptivity at the

excitation wavelength; b, path length).12 The initial fluores-

cence (F0) is defined in eqn (62). The corrected fluorescence

(F/F0) can then be derived from eqn (61) and (62), resulting in

eqn (63). This equation can be further simplified to eqn (64)

using mass balance eqn (55), in which the signal depends only

on [H*I].

F = kIb[I] + kHIb[H*I] (k � 2.3 I0je) (61)

When [H*]t = 0,

F0 = kIb[I]t (62)

F/F0 = [I]/[I]t + n[H*I]/[I]t (n � kHI/kI) (63)

ð64Þ

In this example, [H*I] of a given solution varies depending

on eeR and [G]t. Values for [H*I] can be iteratively determined

from eqn (60) using Newton’s method with 0.0001It as an

initial [H*I] value. These results can then be used for the curve

fitting of eqn (64), which ultimately leads to the iterative

determination of KR and KS (see below). Fluorescence

intensity data (y) is now collected in terms of eeR (x), not as

a function of concentration as in our other examples. Because

the binding constants are expressed in terms of [GR]t and [GS]t,

these concentrations must be related to [G]t according to the

definition of ee (eqn (65)–(66)).

[GR]t = 0.5(1 + eeR)[G]t (65)

[GS]t = 0.5(1 + eeS)[G]t (66)

Using eqn (49), (51), (60), (64), (65), and (66), the following

script can be generated.

where Grt, Gst, Gt, Kr, Kgr, Ks, Kgs, Ki, Ht, It, and HI

represent [GR]t, [GS]t, [G]t, KR, KGR, KS, KGS, KI, [H*]t, [I]t and

[H*I], respectively. In this example, the first two lines define

variable relationships based on eqn (49), (51), (65) and (66). In

a manner analogous to previous protocols, the next section of

script uses Newton’s method to generate values for [H*I] based

on eqn (60). Finally, the last line uses the generated values of [H*I]

and eqn (64) to fit the data. In this case, parameters [H*]t, [I]t and

[G]t are treated as constants, and the variables ee (x) and

fluorescence intensity (y) are read from the data sheet by the

program. Parameters n and KI are determined through titration

and 1 : 1 curve fitting of the host and indicator alone prior to this

analysis. Unlike the case of traditional IDAs, these two experi-

mentally calculated parameters are treated as constants in the

script so that KR and KS can be allowed to vary slightly. The

values ofKR andKS can then be input into eqn (67), which relates

the corrected fluorescence signal directly to ee. The derivation of

eqn (67) has been described by our research group.7

½H�t ¼
ðF=F0 � 1Þ½I�t

n� 1
þ ðF=F0 � 1Þ
KIðn� F=F0Þ

þ KR½G�tð1þ eeRÞð1� F=F0Þ
2½ðF=F0ÞðKI � KRÞ � ðnKI � KRÞ�

þ KS½G�tð1þ eeRÞð1� F=F0Þ
2½ðF=F0ÞðKI � KSÞ � ðnKI � KSÞ�

ð67Þ

By inputting the derived K and e values and measured

fluorescence intensity, eqn (67) can be solved using a common

graphing calculator to give accurate ee values.13 As previously

mentioned, while KR and KS can also be determined through

displacement assays with pure solutions of either the R or S

guest, more accurate values of ee are obtained from eqn (67)

when the equilibrium constants are determined through the

above iterative technique.

Conclusions

The measurement of binding constants is among the most

fundamental tasks involved in many supramolecular chemistry
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studies, and therefore the mathematical derivation of

isotherms for modelling complex equilibria is an important

part of the field. Furthermore, optical spectroscopy is one of

the most commonly used experimental methods to determine

binding constants. Here, we have detailed several examples of

the general strategy that our group uses to model complex

equilibria using experimental data obtained through optical

means. The approach commences by deriving equations that

relate the concentration of each species in solution to

one unknown concentration. This derivation results in a

polynomial whose order depends upon the complexity of the

binding process and whose real root is the concentration of the

single unknown species. When the polynomial is higher than

second order, as in the more complex equilibria involved in the

formation of a complex with 1 : 2 host : guest stoichiometry or

associated with standard IDAs, Newton’s method is used to

solve this polynomial. Then, using an equation that relates

the optical data to the selected unknown concentration, the

binding constants and other unknown parameters are iterated

to achieve the best fit curve. This two-step iterative process can

be performed with the commercially available software Origin.

Once the mathematical isotherm for a particular set of

interrelated and complex equilibria has been derived, and the

script has been entered into Origin, the technique allows

binding constants to be determined quickly and accurately

without having to rely on the assumptions, such as [H] = [H]t
or [G] = [G]t, that are inherent in many other common

treatment methods.
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